We propose a new quantile regression model when data are subject to censoring. Our model does not require any global linearity assumption, or independence of the covariates and the censoring time. We develop a class of powertransformed quantile regression models such that the transformed survival time can be better characterized by linear regression quantiles. Consistency and asymptotic normality of the resulting estimators are shown. A re-sampling based approach is proposed for statistical inference. Empirically, the new estimator is shown to outperform its competitors under conditional independence, and perform similarly under unconditional independence. The proposed method is illustrated with a data analysis.
Introduction
Consider the accelerated failure time (AFT) model (Kalbfleisch and Prentice (2002) ) log(T ) = β T 0 Z + ε, where T is the survival time, Z is the covariate vector and the errors are i.i.d. with mean zero. This model provides a direct interpretation of the (log) survival time using the covariates and is a useful alternative to the Cox model (Kalbfleisch and Prentice (2002) ).
The usual AFT model excludes error heterogeneity, and cannot be used to quantify the covariate effects in lower or higher quantiles of the survival time if such heterogeneity exists (Koenker and Geling (2001) ). Recent years have seen quantile regression as a complement to the classical conditional mean model (Koenker and Bassett (1978) ; Koenker (2005) ). When data are subject to censoring, quantile regression has emerged as a flexible method that is able to assess the distributional information of the survival time based on covariates. Powell (1986) studied censored quantile regression for fixed censoring. Ying, Jung, and Wei (1995) proposed a novel median regression model under random censoring. Yang (1999) used an empirically covariate-weighted cumulative hazard function to study median regression. Koenker and Geling (2001) explored the usefulness of this model by analyzing a medfly longevity dataset. Portnoy (2003) proposed an innovative redistribution-of-mass method that generalized the classical Kaplan-Meier estimator. Peng and Huang (2008) proposed a censored quantile regression approach using martingale-based estimating equations, though their model relies on a strong global linearity assumption. It is thus of interest to develop censored quantile regression methods that are free of this assumption. Wang and Wang (2009) proposed a locally weighted censored quantile regression extending Portnoy's method with less restrictive assumptions. More recently, Huang (2010) proposed a censored quantile regression method based on estimating integral equations.
The logarithmic transformation in the AFT model is often made for convenience. Transformation quantile regression models are flexible and can accommodate a wide variety of models. To identify a proper scale of the survival time that is linearly related to the covariates, the Box-Cox transformation (Box and Cox (1964) ) is an attractive option. This model has been studied by Cai, Tian, and Wei (2005) for the conditional mean in survival analysis, by Mu and He (2007) for the quantile regression with no censoring, and by Yin, Zeng, and Li (2008) in censored quantile regression.
We propose a censored quantile regression estimator motivated by the martingale process associated with the counting process. The martingale process provides a general framework for studying asymptotic properties and inferential procedures. Our model does not require a global linearity assumption. We only require the conditional independence of the survival and the censoring time given the covariates.
Using a locally weighted Kaplan-Meier estimator, our approach can be easily implemented with existing quantile regression code (Koenker (2005) ). We use our estimator in conjunction with the Box-Cox transformation to identify a proper transformation of the survival time such that the conditional quantiles after this transformation are linearly related to covariates. We study the estimator when multiple continuous covariates are present, extending substantially the univariate results in Wang and Wang (2009) . In addition, we propose to use a power transformation such that the conditional quantile of the transformed response is linearly related to covariates.
The rest of the paper is organized as follows. In Section 2, we use a set of mar tingale-based estimation equations to motivate our new quantile regression estimator. We discuss an efficient non-iterative algorithm and study how the Box-Cox transformation can be incorporated. We present the consistency and asymptotic results in Section 3, separately for the case where the transformation parameter is unknown and for the case this parameter needs to be estimated. Extensive numerical simulations reported in Section 4 show that the proposed method works well and compare favorably with other methods. We illustrate the usefulness of the method via analysis of an HMO dataset in Section 5. Concluding remarks are given in Section 6. All proofs are relegated to the Appendix.
Martingale-based Estimation
Let T be the survival time and C the censoring time. The data are (Y i , δ i , Z i ), i = 1, . . . , n, where Y i = min(T i , C i ) is the observed failure time, δ i = I(T i ≤ C i ) is the censoring indicator; and Z i = (Z i0 , Z i1 , . . . , Z ip ) ′ ∈ R p+1 is a (p + 1)-dimensional covariate with Z i0 as the intercept. We discuss the censored quantile regression assuming the logarithm transformation. We then discuss how the formulation can be extended to incorporate an unknown transformation parameter.
Censored quantile regression
The quantile regression model (QR) linearly relates the τ th quantile of the survival time to the covariates Z as
where Q T (τ |Z) = inf{t : P (T ≤ t|Z) ≥ τ } and β 0 (τ ) is the regression coefficient at the τ th quantile. The QR model states that, for a fixed τ ,
where e i (τ ) is a random error whose τ th quantile given Z i is zero. This model is clearly an extension of the AFT model where the errors are iid and independent of the covariates.
Remark 1. In order to estimate β 0 (τ 0 ) at the τ 0 th quantile, Peng and Huang (2008) require that the quantile regression model hold for all τ ≤ τ 0 simultaneously. Our model only assumes that it holds at a single quantile. Thus, to estimate the conditional median for example, we only need (2.1) to hold at τ = 0.5.
Let F 0 (·|Z) be the continuous conditional distribution function of T given Z. Denote the counting process by N (t) = δI(Y ≤ t) and the martingale process associated with N (t) as
is the conditional cumulative hazards function of T . Since E{M (t)|Z} = 0 for t ≥ 0, we have that
where we have used the empirical version of E{ZM (exp(Z ′ β 0 (τ )))|Z} = 0. Because the function Λ 0 is unknown, we use the quantile property
where
, and H(t) = − log(1 − t) for t ∈ [0, 1) is a strictly increasing function. Combining (2.2) and (2.3), we have the estimating function
to estimate β, where we have written β = β(τ ) for convenience. The approximation ≈ is used because an exact solution may not exist (Ying, Jung, and Wei (1995) ).
In principle, as long as we can form unbiased estimating functions, consistent estimates for β(τ ) can be obtained. Here we use Peng and Huang's approach due to its martingale structure that naturally accommodates the conditional independence censoring mechanism (Kalbfleisch and Prentice (2002) ). The underlying counting process notion provides a unified framework for model checking and diagnosis. Equation (2.4) cannot be used as an estimating equation since the conditional distribution F 0 (·|z) is unknown. Given the observed data {Y i , δ i , Z i }, i = 1, . . . , n, we propose to estimate the distribution function F 0 (·|z) non-parametrically using the local Kaplan-Meier estimatorF (·|z) aŝ
where W nj (z) is a sequence of weights adding up to 1. When W nj (z) = 1/n for all j,F (t|z) reduces to the classical Kaplan-Meier estimator. This estimator reduces to the kernel estimator of the conditional cumulative distribution function when no censoring occurs. Similar to Wang and Wang (2009) , we use the kernel weights
where K(·) is a kernel function and h n > 0 is the bandwidth converging to zero when n goes to infinity. When there is only a single continuous covariate in Z other than the intercept (p = 1), we use the bi-quadratic kernel k(x) = (15/16)(1 − x 2 ) 2 I(|x| ≤ 1) for the covariate. When p ≥ 2 and there are multiple continuous covariates in Z, we use a product kernel with a higher order kernel for each covariate, as discussed in Müller (1988, Thm. 5.4 
Remark 2. Peng and Huang (2008) observed that
under a global linearity assumption, and proposed to approximate the integral by a grid-based procedure similar to the Euler's forward rule. This approximation requires estimation of all β(τ )'s on a fine grid in order to estimate a single quantile at τ . In contrast, we make the linearity assumption only at a particular quantile and our model only needs to estimate β(τ ) at the τ th quantile.
The working estimating equation in (2.6) is monotonic, and its solution is the minimizer of the quantile regression objective function
where φ τ (s) = s(τ −I(s ≤ 0)) is the check function (Koenker and Bassett (1978) ) and
. . , n, for simulation and data analysis.
The formulation in (2.8) suggests use of the fast quantile regression code developed by Portnoy and Koenker (1997) for computation. In particular, after we have estimated the conditional distribution function F 0 , we can make use of R function qr in the R package quantreg to fit a weighted quantile regression model using the augmented data set {(
. Thus, the extra effort needed to implement our approach is minimal.
Transformation quantile regression
We extend the log-transformed linear quantile regression to the power-transformed linear quantile regression in which the unknown transformation parameter needs to be estimated. This is a flexible family of monotone transformations and gives many useful structures (Box and Cox (1964) ; Cai, Tian, and Wei (2005) ; Mu and He (2007) ; Yin, Zeng, and Li (2008) ).
The family of power transformations (Box and Cox (1964) ) is given by
A practical range of γ often used is [−2, 2] and can be extended if necessary. For the power-transformed linear quantile regression model, we assume that the τ th quantile of
, where γ 0 (τ ) is the corresponding unknown transformation parameter and β 0 (τ ) is the quantile regression parameter. In the sequel, we suppress the τ in β(τ ) and γ(τ ) to simplify the notation. We write the inverse power transformation function as
If the transformation parameter γ 0 is known, the τ th quantile of T i given Z i is ρ
. Following (2.4), we propose to estimate β 0 by solving
Similar to (2.8), we need to minimize
We denote the resulting estimator asβ n (γ) to emphasize the dependence on the power transformation parameter γ.
To estimate γ, a common approach in the quantile regression literature is to use some discrepancy function based on a goodness-of-fit measure (Mu and He (2007) ; Yin, Zeng, and Li (2008) ). To this end, we define a cumsum process of residuals indexed by z,
where Z i ≤ z means componentwise inequality. The cumsum process is used widely, for example in Ying (1993, 2002) , He and Zhu (2003) , Mu and He (2007) , and Yin, Zeng, and Li (2008) . Following the proof of Theorem 3, the process n 1/2 R n (z, γ 0 ) converges to a zero-mean Gaussian process in z, while for any γ ̸ = γ 0 , the process n 1/2 R n (z, γ) diverges to infinity for all z ∈ R p (Mu and He (2007) ). Because of this, the estimatorγ n (τ ) (orγ n ) of γ 0 is obtained by minimizing
where Υ denotes the parameter space for γ. Subsequently, β 0 is estimated aŝ β n (γ n ). The objective function only involves a single parameter although it is not differentiable with respect to γ. The standard grid search algorithm can be used to obtain the estimatorγ n . Typically, we would not useγ n as the final estimate of the transformation parameter, but would use the nearest convenient value in a sequence such as -1, 0, 1 for better interpretation, after checking that such a value lies within a selected confidence interval (Box and Cox (1964) ).
Remark 3. When the transformation parameter γ is fixed, the estimating equation approach adopted by Ying, Jung, and Wei (1995) and Yin, Zeng, and Li (2008) takes the form
whereĜ is the Kaplan-Meier estimator for the censoring times based on {( Yin, Zeng, and Li (2008) used an iterative algorithm. Our estimating equation approach requires estimating the conditional cumulative density function of the failure time just once.
Theory
Let G 0 (t|z) be the conditional distribution function of C given Z = z, and f Z (z) be the marginal density function of Z. We focus on the situation where there is one continuous covariate, deferring the discussion of the multiple covariate case to Appendix D. To derive the asymptotic properties of the proposed estimator, we make some regularity assumptions.
C1. T and C are conditionally independent given the covariate Z.
C2. The true value β 0 of β is in the interior of a bounded convex region B. The support Z of Z is bounded and compact.
C4. The marginal density function f Z (z), the conditional density functions f 0 (t|z) and g 0 (t|z) of the failure time T and C are uniformly bounded away from infinity and have bounded (uniformly in t) first and second order partial derivatives with respect to z.
C5. The bandwidth h
C6. The kernel function K(·) has a compact support [−1, 1], and satisfies the Lipschitz condition of order 1,
Condition C1 is standard in survival analysis. Condition C2, C3, and C4 are standard in analyzing failure time data. Condition C5 specifies the bandwidth choice needed for establishing the rate of convergence of the local Kaplan-Meier estimator and subsequently the consistency ofβ n . For asymptotic normality, the rate in Condition C5 needs to be strengthened to 1/4 < v < 1/3. Condition C6 is usually made for kernel smoothing and it holds for the bi-quadratic kernel we use in this paper. Condition C7 ensures that the quantile regression estimator is unique and it is used to establish the asymptotic normality of the estimator.
Theorem 1 (Consistency).
Under C1−C7, the solutionβ n to (2.6) satisfieŝ β n → β 0 in probability as n → ∞.
Theorem 2 (Asymptotic normality).
Under Assumptions C1−C7 and 1/4 < v < 1/3, we have
The matrices Γ 1 and V 1 in the limiting covariance matrix depend on the unknown conditional density functions f 0 (·|z) and g 0 (·|z) and may be difficult to estimate nonparametrically from finite samples. We propose to use the bootstrap re-sampling procedure for inference following Chen, Linton, and van Keilegom (2003) . Operationally, we draw with replacement {(
and re-estimate β asβ n . This process is repeated many times. Denote the estimates asβ n can be used to approximate the sampling distribution ofβ n . The bootstrap variance of the estimates computed from the bootstrap
is a consistent estimate of the asymptotic variance of β n (See Hall (1992, p.159) ). A sketch of the justification is provided in the Supplementary File.
Next we study the large-sample properties of the power-transformed estimator. To establish these results, we need more regularity conditions. C3 ′ . Assumption C3 holds with T = sup z∈Z,γ∈Υ,β∈B ρ
is positive definite for β in the neighborhood of β 0 and γ in the neighborhood of γ 0 , wherė ρ
These assumptions are discussed in Yin, Zeng, and Li (2008) .
Theorem 3. Under Assumptions C1, C2, C3 ′ , C4-C6, C7 ′ , and C8, we havê
with Γ 2 and V 2 defined in Appendix C.
The proofs outlined in the Appendix depend heavily on empirical process theory (van der Vaart and Wellner (1996) ). In Appendix D, we outline the results for p > 1. For statistical inference ofγ n andβ n (γ n ), we again resort to the bootstrap re-sampling method as discussed before.
We briefly discuss the problem of choosing the bandwidth h n . In practice, we can use the K-fold cross validation by dividing the dataset into K parts D 1 , . . . , D K which are roughly equally-sized. For D j , we fit the model by using the data from the other K − 1 parts, and calculate a loss from predicting the τ th conditional quantile of T for the uncensored data in D j ,
This procedure is repeated for j = 1, . . . , K and the average loss
Numerical Study
We present three simulations examples to illustrate the finite sample performance of the approach. In Example 1, we compared our method with that of Yin, Zeng, and Li (2008) when T and C are unconditionally independent. In Example 2, we compared them when T are C are conditionally independent. In Example 3, we considered multiple covariates. For these approaches, we used R function optimize to locate the optimal γ in the interval [−2, 2]. We fixed γ first and then estimated β n (γ). The optimal γ minimized R * n (γ).
Example 1. The main purposes of the simulation were to compare our approach with that in Yin, Zeng, and Li (2008) , YZL, when the unconditional independence of T and C is satisfied, and to evaluate the validity of the bootstrap method for statistical inference.
We followed Yin, Zeng, and Li (2008) in generating data from the Box-Cox transformation linear quantile regression model
where β 0 = 0.2, β 1 = 1, and γ was taken to be 0, 0.5, 1 respectively. The covariate Z was Unif[0, 2] and the error was N (0, 0.25). Besides this simple example, we also considered the skewed error model and the heteroscedastic models with β 0 = −0.5, β 1 = 1, and γ = 0.5, as in Yin, Zeng, and Li (2008) .
Here we took ε from a shifted chi-squared distribution with one degree of freedom and median zero. For the heteroscedastic model, we took a heteroscedastic error Zε, where Z ∼ Unif[0, 2] and ε ∼ N (0, 0.25). The censoring times were generated independently from the uniform distribution to yield censoring rate of 20% or 40%. We took n = 300 and assessed the median quantile regression at τ = 0.5. For each configuration, we generated 1,000 datasets. To assess the performance of the bootstrap re-sampling method for statistical inference, we generated 2,000 bootstrap samples for each simulated dataset.
In Table 1 , we compare our proposed approach with YZL in terms of average estimates over 1,000 simulations, together with the sample standard deviations of the estimates (SD). Note that the results for YZL are taken from Yin, Zeng, and Li (2008) . For simplicity, we take the bandwidth as n −1/3+0.01 . This particular choice of the bandwidth is motivated by the asymptotic result and is by no means optimal. Additional simulations showed that the results were not very sensitive to the bandwidth and the kernel. From Table 1 , we see that the proposed estimator generally gives estimates with small bias. As the censoring (c%) increases, the bias and the sample standard deviation increase. This agrees with the asymptotic results. The proposed method performs similarly to YZL when no censoring occurs; when censoring is high (c% = 40%), the proposed method gives estimates with smaller SD. These observations suggest that estimation of the conditional distribution function F (T |Z) has little effect on the estimation of the transformation parameter and the linear quantile regression parameter. We also compared the SDs with the average of the estimated standard errors based on the bootstrap method (SE). As seen in Table 1 , they are very close. For models where unconditional independence is appropriate, our methods performs competitively compared to Yin et al.'s approach. Table 1 . Estimation of the unknown transformation parameter and the linear quantile regression coefficients. SD: the sampling standard deviation; SE: the average of the standard errors using bootstrap. We also compared the proposed method with YZL when the transformation parameter γ is known. This is termed conditional inference in Mu and He (2007) and Yin, Zeng, and Li (2008) . The results are in Table 2 . We can see that the biases are very small and that the biases and the sample standard deviations increase with the censoring rate. Furthermore, the proposed method performs competitively compared to YZL, indicating again that estimating the conditional distribution of the failure time does not affect the estimation of the parameters. Comparing Tables 1 and 2 indicates that conditional inference for β is more efficient than that for which γ needs to be estimated. We also note that in some cases, our method has larger biases here compared to Yin et al's. The bias problem becomes less severe if the bandwidth is decreased (results not shown). Furthermore, The bootstrap method for estimating the standard errors is satisfactory, as all the SEs are close to the SDs in Table 2 , and all the coverage probabilities are close to the nominal 95% level in Table 3 . We note that the proposed method requires an estimation of the local KaplanMeier survival function and is computationally more intensive than that in Yin, Zeng, and Li (2008) . However, the computational overhead is minimal, as estimating F (t|z) using local smoothing can be efficiently implemented (Wang and Wang (2009) ). Moreover, the fact that we only need to estimate F (t|z) once implies that the extra computational demand is worth the trade-off with a relaxed and more natural conditional independence assumption.
Example 2. To compare the performance of our approach with that in Yin, Zeng, and Li (2008) . under conditional independence, we simulated data from
where β 0 = 2, β 1 = 1, Z ∼ Unif[0, 1], and ε = χ 2 1 −Φ −1 (τ ) is a centered chi-square random variable with one degree of freedom with Φ the cumulative distribution function of χ 2 1 . We looked at the parameter estimates at τ = 0.5. The global linearity assumption needed by Peng and Huang (2008) is not satisfied. The censoring time was generated as C = b −1 log(2 + Z + e) where e is a standard normal variate and the constant b was taken to have about 0%, 20%, 40% and 60% observations censored. This censoring time entails that the failure time and the censoring time are conditionally independent given Z, and the marginal independence assumption needed by Yin, Zeng, and Li (2008) is not satisfied.
For every simulation setup, we generated 1,000 datasets. We took n = 300 and used the bandwidth h n = n −1/3+0.01 . Table 4 summarizes the averages of the parameter estimates, as well as their sample standard deviations. With no censoring, YZL outperformed our method in terms of standard deviation, since we needed to estimate the conditional distribution function. However, our method outperformed YZL whenever censoring was present. YZL gived biased estimates whenever censoring occurs. This agrees with the argument that YZL works only when the independence assumption holds. For different sample sizes and censoring rates, our method was unbiased, and the sampling standard deviation decreased with the increasing sample size and the decreasing censoring rate. When γ was known in advance, YZL performed competitively with our method and two other approaches including Wang and Wang's and Peng and Huang's, although usually with a larger bias in the high censoring scenarios (c% = 40% or 60%).
Taking the results in Example 1 and 2 together, the simulations suggest that our method is preferred over YZL when T and C are conditionally independent given, and that our method performs similarly with YZL when they are unconditionally independent.
Example 3. The proposed method depends on estimation of a nonparametric Kaplan-Meier curve. A practical difficulty arises when there are multiple continuous covariates in Z. To assess the dimensionality, we set n = 300 and added p − 1 additional independent covariates Z 2 , . . . , Z p , each standard uniform, to the model. Thus, the true coefficients associated with the added covariates were zero at the median. For simplicity, we took the bandwidth h n = 0.3, 0.6, 0.8 for p = 2, 3, and 4 respectively. The results are summarized in Table 5 when γ is estimated. Overall, the proposed method performs satisfactorily when either the dimension is small or the censoring rate is not high. We also see that the biases and the sample standard deviations both increased when either dimensionality p or the censoring increased. We also see that the coverage probabilities are not satisfactory,when estimating a multi-dimensional smooth function.
Data Analysis
We illustrate the proposed method by analyzing the HMO data in Hosmer and Lemeshow (1999) . Information was available for 100 HIV positive subjects who were followed until death from AIDS or AIDS-related complications, to the end of the study or until the subject was lost to follow-up. The primary outcome was survival time after a confirmed diagnosis of HIV. Covariates information was available on Age (in years) and Drug indicating prior drug use (1=yes, 0=no). There were 20 censored subjects. The scatter plot of the data is shown in Figure  1 , for which the majority of the survival times are small. We dichotomized the data according to Drug and applied the local Kaplan-Meier estimator separately for each drug category. In order to choose the optimal bandwidth, we used 10 fold cross validation. We limited the range of γ from −2 to 2.
By fitting a simple Cox model treating the censoring time as survival time, we note that censoring time is highly dependent on Drug (p-value=0.007) and may depend on Age (p-value=0.10) based on a twenty observed censoring times. In addition, motivated by Figure 1 , we created a 2 by 2 table using the censoring indicator and whether the observed time was above 40 as the classification variables. Appling Fisher's exact test for testing independence, we found the p-value 0.032, suggesting that C and T may not be independent. To explore the effects of the covariates on different quantiles of the survival time, we considered a series of quantiles ranging from 0.2 to 0.5 with an increment of 0.05. This quantile region is of interest since lower quantiles of the survival time pose an immediate concern to HIV subjects, and have significant biomedical implications in the near term. We used the bootstrap method to re-sample 300 times for any approach we use. We also tried larger quantiles, for example τ as large as 0.9. We found that sometimes the estimate with a bootstrap sample deviated from that of the original sample by a large magnitude, thus giving huge standard errors.
The top two plots in Figure 2 suggest that a log transformation of the survival time is reasonable to analyze this data set. We also see that the confidence intervals for our approach in estimating the transformation parameter are much smaller than those of Yin, Zeng, and Li (2008) . Using γ = 0 as the transformation parameter, we plot in Figure 2 the estimated quantile regression coefficients β in the middle and the bottom panels, together with Peng and Huang's estimates. All three approaches indicate that both Drug and Age are significant across the quantiles we examine. Our results agree with the usual Cox model, for which both covariates are highly significant.
We plot the estimated quantile function Z ′ β(τ ) of the survival time in Figure  3 given Drug (=1) and Age (=35), when the transformation parameter γ is estimated (Mu and He (2007) ). The pointwise confidence intervals were computed via bootstrap. We find considerable difference between the two approaches.
When the transformation parameter γ is estimated, we assessed the effects of the covariates by examining their marginal effects. We follow Mu and He (2007) Figure 2. The HMO study: The top panels give the estimated transformation parameters with 95% confidence intervals; the middle and the bottom panels are the estimated linear quantile regression coefficients when γ = 0. Proposed: the proposed method; YZL: the method in Yin, Zeng, and Li (2008) ; PH: Peng and Huang's method. and Yin, Zeng, and Li (2008) to take the marginal effects of the jth covariate at
Applying the bootstrap re-sampling method to assess these effects, we plot the marginal effects of Drug (=1) and Age (=35) in Figure 4 . We see that our proposed method gives tighter confidence intervals, and generally finds more significant quantiles.
Conclusion
We have proposed a new approach for linear quantile regression and studied the Box-Cox transformation approach to relate the survival time and the covariates via a linear quantile regression model. Our methodology is based on formulating unbiased estimating equations using martingale residuals. We require no global linearity assumption and the failure and the censoring time only to be conditionally independent given the covariates. In addition, the estimation approach requires no iteration. The price to be paid is the need to estimate a distribution function nonparametrically, which we treat via using local kernel smoothing. Our method performs competitively compared to existing methods.
When the dimensionality of the covariates is high, we note that the estimates can have large biases and sampling standard errors due to the curse of dimensionality. In this case, it is worthwhile to consider model-based dimension reduction on F (·|Z) by, for example, modeling it as a single-index model (Lopez (2009) ; Wang, Zhou, and Li (2011) ), or more simply by using Cox's model to relate the censoring time and the covariates. As an alternative, it is also interesting to develop model selection methods that can choose appropriate variables for the conditional CDF and the quantile regression function. In the data analysis, occassionally a bootstrap sample gave an unstable estimate. While this is not surprising for this small data set, a more promising method is to incorporate suitable random variables in the bootstrap inference (Jin, Ying, and Wei (2001) ).
We have focused on continuous covariates mainly in this paper. An immediate extension to multiple discrete covariates is possible, but the estimation of the conditional CDF may suffer from small sample sizes due to an ANOVA-type splitting of the samples. It may be possible to simplify a full ANOVA-type decomposition of the samples by imposing some structural assumption similar to a main effect model for example.
Appendix A: Proof of Theorem 1.
By Lemma A.1, Assumptions C2 and C3,
(A.2) For any sufficiently small η > 0, we divide the parameter space
, where β j is the center of the jth ball. By the Bernstein inequality,
From Assumption C7, the first derivative function A n (β) of U n (β) with respect to β is
which is positive definite with probability one for β in the neighborhood of β 0 . In addition, U n (β 0 ) = 0. Therefore, U n (β) is bounded away from zero. This, together with (A.3), yieldsβ n → β 0 in probability as n → ∞.
Appendix B: Proof of Theorem 2.
We exploit Theorem 2 of Chen, Linton, and van Keilegom (2003) by verifying their conditions (2.1)−(2.4), (2.5 ′ ) and (2.6 ′ ). For this, write U n (β,
} and the function class F that involves the true F 0 as
This, together with (2.3), implies that U (β 0 , F 0 ) = 0. Write Γ 1 (β 0 , F 0 ) as the first derivative function of U (β, F 0 ) with respect to β evaluated at β = β 0 , and for all β ∈ B, define the functional derivative of
Proof of Theorem 2. Condition (2.1) of Chen, Linton, and van Keilegom (2003) can be easily verified by the subgradient condition of quantile regression (Koenker (2005) ). Conditions (2.4), (2.5 ′ ), and (2.6) hold directly by Lemma A.1, A.2, and A.3, respectively . From the definition of Γ 1 ,
which is positive definite by C7. This means that (2.2) in Chen, Linton, and van Keilegom (2003) holds. By routine Taylor expansions, we can verify their (2.3). 
Proof. Let η 1 = sup z∈Z ∥z∥ 2 and η 2 = sup F ∈F ,z∈Z,t≤T (f (t|z)+g 0 (t|z)). For any (β, F ) ∈ B×F and (β * , F * ) ∈ B×F , we have ∥u(β, F )−u(β * , F * )∥ 2 ≤ 2(B 1 +B 2 ), where
Direct calculation yields that E(sup ∥β−β * ∥≤ξn B 1 ) ≤ η 3 ξ n and sup ∥β−β * ∥≤ξn,∥F −F * ∥∞≤ξn ∥U (β, F ) − U (β * , F * )∥ 2 ≤ η 4 ξ n for some positive constants, η 3 , η 4 , when n is sufficiently large. Therefore, (3.2) in Chen, Linton, and van Keilegom (2003) holds with r = 2 and s j = 1/2. Condition (3.1) in Chen, Linton, and van Keilegom (2003) follows clearly if we set the term in their (3.1) to 0. Now we verify their (3.3). Let N (η, F, ∥ · ∥ ∞ ) be the covering numbers (van der Vaart and Wellner (1996, p.83) ) for the function class F under the metrics ∥ · ∥ ∞ . An application of Theorem 2.7.1 in van der Vaart and Wellner (1996, p.159 ) and the compactness of Z give that the logarithm of the covering number is bounded by O(η −1/2 ) for η ≤ 1 and = 0 for η > 1, which yields that
It then follows easily from Theorem 3 of Chen, Linton, and van Keilegom (2003) that Lemma A.2 holds.
Lemma A.3. Assume that the conditions in Theorem 2 hold, then
Proof. By the definition of Γ 2 , a direct calculation yields that
For any function , the conditional expectation of (Y ) given Z = z takes the form
From Theorem 2.3 of Gonzalez-Manteiga and Cadarso-Suarez (1994) and the proof of Theorem 2 in Wang and Wang (2009) , under Assumptions C3−C7, we have that
This result holds only when there is a single covariate. When 1/4 < v < 1/3, the residual term on the right hand side of (A.6) is o p (n −1/2 ). Plugging (A.6) into (A.4) through (A.5), and using standard change of variables and Taylor expansion arguments, and the assumption that ∫ K(u)du = 1, one obtains
. An application of the Central Limit Theorem gives this lemma.
Appendix C: Proof of Theorem 3.
We introduce the following lemma from Mu and He (2007) that specifies the identifiability condition.
Lemma A.4. The model parameter is identifiable in the sense that if ρ
To facilitate the proof, we set R(β; γ) be the limit of R n (β; γ) as n tends to infinity.
Proof of consistency.
Since the minimization of R * n (γ) is taken over Υ and Υ is compact, there exists a subsequence indexed by n, such thatγ n → γ * .
Step 1. We prove that sup n ∥β n (γ n )∥ < ∞. Otherwise, for a subsequence, still indexed by n,
Then one can easily verify that ∥β * n − β(γ * )∥ = 1 and ∥β * n ∥ ≤ ∥β * n − β(γ * )∥ + ∥β(γ * )∥ = 1 + ∥β(γ * )∥ is bounded. Therefore, there exists a subsequence, still indexed by n, such thatβ * n → β * . By convexity,
This contradicts with the fact that β(γ * ) is the unique maximizer of R(β, γ) for γ = γ * , since ∥β * − β(γ * )∥ = 1 and thus β * ̸ = β(γ * ), soβ n must be bounded. Therefore, there exists a subsequence, indexed by n, for whichβ n → β * .
Step 2. We prove that γ * = γ 0 and β * = β 0 . Note that the class of function
is a Glivenko-Cantelli class. An application of Glivenko-Cantelli Theorem gives
This yields that ρ
) almost surely and thus γ * = γ 0 and β(γ * ) = β 0 derived from Lemma A.4. The consistency ofγ n andβ n (γ n ) follows by an application of Helly's selection theorem.
Proof of asymptotic normality. Using the inverse mapping theorem, one has
Note that
is a Donsker class. Therefore
where P is the expectation operator, P n is the empirical measure. Applying (A.6), after some basic calculations, one has
andẼ is the expectation with respect to the joint distribution of (Ỹ ,δ,Z).
Using the arguments in Yin, Zeng, and Li (2008) , for any γ in neighborhood of γ 0 , R * n (γ) has a quadratic expansion around γ 0 and 
) and thus Γ 2 is invertible. Using the Multivariate Central Limit Theorem, we have proved Theorem 3 with V 2 = Cov (V * ).
Appendix D: Multiple covariates
We extend the asymptotic results to higher dimensional covariates. The difficulty in deriving good properties of the proposed estimator for p > 1 lies in the fact that the estimation of the distribution function F (·|z) may have larger bias and slower convergence rate. Note that the results in Wang and Wang (2009) only apply for one dimensional problems. To our knowledge, there are few papers that study the properties of the local Kaplan-Meier estimates with multiple covariates. Dabrowska (1989) considered this problem and obtained uniform consistency. Lopez (2009) considered the nonparametric estimation of the multivariate distribution and assumed a known function g : R p → R, such that T and C are conditionally independent given g(Z), and the dependence of T and C on Z is only through g(Z). This method effectively reduces the dimensionality at the expense of the need to determine g. The kernel K satisfies ∫ z j K(z)dz = 0, j = 1, . . . , p.
By Corollary 2.1 in Dabrowska (1989) , (A.10) holds. Therefore, the asymptotic consistency in Theorem 1 holds when the conditions C5 and C6 are replaced by C5 ′ and C6 ′ for multi-dimensional problems.
Asymptotic Normality. From the proofs of Theorems 2 and 3, the key condition for establishing the asymptotic normality is (A.6), which holds only for p = 1 with a single continuous covariate. For the multi-dimensional case, (A.6) does not hold. However, a similar representation ofF (t|z) − F 0 (t|z) has (Liang, de Uña-Álavarez, and Iglesias-Pérez (2010) ) .11) and, according to the proof of Theorem 2, we need to ensure that r n (t, z) satisfies For the one dimensional case, under some regularity conditions, the remainder term is r n (t, z) = O p ((log n/nh n ) 3/4 + h 2 n ). The condition h n = O(n −v ) with v ∈ (1/4, 1/3) ensures (A.12). However, this condition on h n is no longer sufficient. To this end, we turn to higher order kernels (Müller (1988) ).
C6 ′′ . (i) K is a bounded kernel function with bounded compact support in R p .
(ii) The kernel K has order q, which satisfies ∫ K(z)dz = 1 and
C4 ′′ . The first q partial derivatives with respect to z of the density function f Z (z) are uniformly bounded for z ∈ Z, and f 0 (t|z) and g 0 (t|z) are uniformly bounded away from infinity and have bounded (uniformly in t) first q order partial derivatives with respect to z.
C5 ′′ . The bandwidth satisfies h n = O(n −v ) with 1/2q < v < 1/3p.
A kernel function K that satisfies C6 ′′ is a higher order kernel with order q. If q = 2, the kernel K is the familiar second-order kernel (Silverman (1986); Dabrowska (1997) ). Liang, de Uña-Álavarez, and Iglesias-Pérez (2010) studied the asymptotic properties of the conditional distribution estimator under truncated, censored, and dependent data for a general p. We can apply their Theorem 2.
